Abstract-An autonomous distributed control algorithm for multiple spacecraft performing simultaneous close proximity maneuvers has been developed. Examples of these maneuvers include automated on-orbit inspection, assembly, or servicing. The proposed control algorithm combines the control effort efficiency of the Linear Quadratic Regulator (LQR) and the robust collision avoidance capability of the Artificial Potential Function (APF) method. The LQR control effort serves as the attractive force toward goal positions, while APF-based repulsive functions provide collision avoidance for both fixed and moving obstacles. Comprehensive validation and performance evaluation of the control algorithm is conducted by numerical simulations. The simulation results show the developed LQR/APF algorithm to be both robust and efficient for controlling multiple spacecraft during simultaneous docking maneuvers.
Note to Practitioners-Use of multiple spacecraft for close proximity operations is expected to increase in future space missions. A challenging problem is how to automate motion planning and control of multiple spacecraft in close proximity. This paper presents a distributed control algorithm for simultaneous docking maneuvers of multiple spacecraft.
Index Terms-Artificial potential function, automated docking, distributed control, linear quadratic regulator (LQR) control, multiple spacecraft, orbital robotics.
I. INTRODUCTION

S
IMULTANEOUS autonomous control of multiple spacecraft maneuvers will be required for several planned space missions in the near future [1] , [2] . Large spacecraft formation tracking and station keeping has received a great deal of study, but research in the area of multiple spacecraft close proximity operations is limited [3] , [4] . There are numerous mission scenarios that involve the convergence of multiple spacecraft in close proximity [5] - [9] . Present close proximity path planning and tracking algorithms are in general computation- ally expensive, and often require manual backup [10] . Therefore, a relatively simple and completely automated control algorithm is desired which allows for multiple spacecraft close proximity operations. Research and experience with terrestrial-based robots have matured the application of Artificial Potential Function (APF) robotic navigation and control algorithms. The simplicity of the APF-based control algorithms is a good match for spacecraft applications with limited proximity sensors and processing capability. Indeed, for these applications, global knowledge is assumed not to be available to each spacecraft [3] . Also, a centralized controller is assumed not to exist, such that each spacecraft must perform their portion of the operation with local information and limited communications. Previously proposed spacecraft APF-based controllers have been very task specific and not applicable to the full range of possible close proximity operations [11] , [12] . Also, studies of their efficiency have primarily been focused on maintaining spacecraft formations [13] . Dimaroganas et al. [14] developed a decentralized control algorithm for multiple agents using navigation functions under the assumption that the environment is perfectly known and stationary. The algorithm makes an assumption that each agent disappears once it is sufficiently close to its goal. This assumption excludes its use for the multiple spacecraft docking application considered in this paper.
Dimarogonas and Kyriakopoulos [15] investigated the rendezvous problem of multiple nonholonomic unicycles. Since smooth feedback laws do not exist for nonholonomic systems, the proposed control law is discontinuous and time-invariant.
Tanner and Kumar studied the formation problem of multiple agents using navigation functions [16] . A local navigation function is built for each agent. Trajectories of individual agents also decrease a centralized navigation function, thus converge to the formation goal.
Our research proposes a control algorithm which combines the efficiency of Linear Quadratic Regulator (LQR) with an APF-based collision avoidance [17] - [19] . In particular, the proposed APF-based collision avoidance relies on both the relative positions and velocities of spacecraft. The merged LQR/APF control algorithm utilizes simple goal commands and obstacle sensory data [20] .
Critical evaluation of multiple spacecraft control algorithms requires high fidelity six degrees of freedom (6-DOF) spacecraft models. Most proposed spacecraft control algorithms have not been fully assessed with realistic spacecraft dynamics, kinematics, and constraints. The spacecraft physical characteristics and actuator constraints must be included in order to determine if a spacecraft control algorithm is practical and valid. Therefore, we use a high fidelity nonlinear model for validation of the multiple spacecraft proximity control algorithm.
1545-5955/$26.00 © 2010 IEEE This paper offers the following primary contributions: 1) A unique close proximity control algorithm that combines LQR goal convergence with APF collision avoidance. 2) Numerical simulations through Monte Carlo analysis of the multiple spacecraft control algorithm performed with a nonlinear high fidelity orbital model. This paper is organized as follows. First, the relative dynamic equations of motion between spacecraft in close proximity and a high fidelity 6-DOF spacecraft model are discussed. Second, the LQR/APF proximity spacecraft control algorithm, based on LQR and APF concepts is developed. The development starts with the LQR control algorithm foundation, and then proceeds to the development of the APF control algorithm. Once these two theoretical components are fully explained, the combined LQR/APF Multiple Spacecraft Close Proximity Control Algorithm is presented. Finally, the control algorithm performance is evaluated via numerical simulations of proximity docking maneuvers of seven spacecraft, by using Monte Carlo analysis.
II. MODELS OF THE RELATIVE SPACECRAFT DYNAMICS
For this research, the fundamental system is a 6-DOF spacecraft orbiting the Earth. The translational control algorithm employs linearized relative motion equations, while it is applied, in the numerical simulations, to the full nonlinear multiple spacecraft dynamics and kinematics model.
A. Linear Model of Multiple Spacecraft Relative Motion
This section introduces the dynamic model used by the control algorithm. As typical, the Earth Centered Inertial (ECI) coordinate system and the orbital Local Vertical-Local Horizontal coordinate system, as depicted in Fig. 1 , are used to describe the motion dynamics [21] . The ECI coordinate system, represented by ( ), has origin at the Earth center. The axis points toward the vernal equinox, the axis is aligned with the Earth rotation axis and is directed through the North Pole, the axis completes the dextral Cartesian coordinate system [21] . For scaling reference, the radius of the Earth spheroid is approximated as . The orbital coordinate system, represented by ( ), is used to express the relative dynamics among the multiple orbiting spacecraft. The axis is aligned with the radial direction from the Earth to the spacecraft, the axis is normal to axis on the orbital plane along the direction of the spacecraft orbital motion, and the axis is normal to the orbital plane. It is worth noting that the Target spacecraft velocity vector is only aligned with the axis when the orbit is perfectly circular, and at the apogee and perigee of elliptical orbits.
In order to establish the equations of motion between spacecraft we will consider one of the spacecraft as primary spacecraft (Target) and each one of the secondary spacecraft (Chasers). The Hill-Clohessy-Wiltshire equations are the linearized relative motion equations, which assume that the two following conditions are met. First, the relative distance between the two spacecraft is assumed to be much smaller than the orbital radius of the Target spacecraft (for instance, a relative distance of few kilometers versus an orbital altitude of several hundreds of kilometers). Second, the Target spacecraft is assumed to be on a circular orbit (angular velocity of the orbital coordinate system is constant).
The Hill-Clohessy-Wiltshire linearized equations of relative motion are [22] (1) where , , and are the components of the relative position vector along the RSW coordinate system, is the Target spacecraft constant orbital angular velocity, and are the components of acceleration due to the control effort (thrusters). These equations can be written in general state-space form as (2) This linear dynamics model is used for control algorithm design; while a more accurate spacecraft dynamics model, as described in the following section, is exploited during numerical simulations.
B. High Fidelity Model of Multiple Spacecraft Relative Motion
Performance validation is a critical part of control algorithm development. An effective validation scenario is one which accurately simulates the environment in which the control algorithm is expected to operate. The application of the control algorithm for use on multiple spacecraft in proximity operations drives the requirements that it be tested with computer-generated orbital dynamics and kinematics. For this research a high fidelity 6-DOF spacecraft dynamics model is used. Given the initial values of the position and velocity of each spacecraft, the orbits are propagated by numerical integration.
The high fidelity spacecraft model includes the gravitational attraction, attitude dynamics, and orbital perturbations [23] . The attitude dynamics includes the influence of gravitational gradient torque, which tends to align the spacecraft minimum axis of inertia with the local vertical [24] , [25] . The orbital perturbations included in the spacecraft dynamics model are nonsymmetrical Earth (J2-J4), atmospheric drag, third body (Sun and Moon) effects, and solar radiation pressure; refer to [21] and [23] for full development. This research treats the spacecraft as a black body and uses the Earth Gravity Model (EGM-96) coefficients and World Geodetic System (WGS-84) reference shape for calculations [21] . The significance of these perturbation forces vary due to spacecraft size, position and altitude. Additionally, the mass variation due to commanded thruster firings is incorporated into the spacecraft model. An outline follows of the perturbation included in the model.
1) Non-Symmetrical Earth:
Since the Earth is not symmetrical in its shape and mass distribution, its gravitational field is also not symmetric. The Earth's shape and mass distribution can be described by the zonal harmonics coefficients in conventional Legendre polynomials [21] . The first three zonal coefficient terms in the Legendre polynomial are J2, J3, and J4, where is the second-order zonal harmonic. The third-order zonal harmonic is and the fourth-order zonal harmonic is . J2 is the equatorial bulge term which has the most significant effect on spacecraft orbits. J2 effects are often classified as short period oscillations, while J4 results in long period variations.
2) Atmospheric Drag: The density of the Earth's atmosphere changes due to solar interaction and magnetic field influences. Particles of the atmosphere act upon the body of the spacecraft and slow it down. Atmospheric drag can impart both a translational disturbance force and rotational (attitude) disturbance torque. The basic equation of aerodynamic drag acceleration [21] is (3) where is the spacecraft drag coefficient, is the spacecraft velocity vector with respect to the atmosphere, is the spacecraft cross-sectional area normal to its velocity vector, is the spacecraft mass, and is the atmospheric density. The velocity vector relative to the Earth's rotating atmosphere is (4) where is the angular rotation vector of the Earth.
Several atmospheric models are available. In this work, an exponential atmospheric density model based on the U. S. Standard Atmosphere (1976) was used [21] . This model, adopted by the U. S. Committee on Extension to the Standard Atmosphere (COESA), is valid for Low Earth Orbits (LEO) orbits with altitudes between 100 km and 1000 km [21] .
3) Third Body Effects (Sun and Moon):
The gravitation attraction from other bodies, such as the Sun and Moon, also affects spacecraft orbital motion. The three body equation of motion for the relative acceleration of a spacecraft in the Earth inertial frame [21] is (5) where is the relative distance from Earth to Moon, is the relative distance from Earth to Sun, is the relative distance from spacecraft to Moon, is the relative distance from spacecraft to Sun, is the Gravitational Parameter of Moon, and is the Gravitational Parameter of Sun.
4) Solar-Radiation Pressure:
The radiation being emitted by the Sun exerts a force on the spacecraft. The magnitude and direction of the solar-radiation force is dependent on several factors, such as the position of the Sun relative to the spacecraft, the attitude and shape of the spacecraft, the intensity of the solar-radiation and the reflectivity of the spacecraft [21] . For this research, the spacecraft is treated as a "black body," which absorbs all radiation. With this assumption, the solar pressure on a spacecraft orbiting Earth is . Solar pressure and atmospheric drag impart, in general, both a disturbance force and a disturbance torque.
5) Thrust: Jet thrusters are assumed to be used in order to control the spacecraft translation, while the spacecraft attitude is controlled by reaction wheels. The thrust of each thruster is (6) where is the specific impulse of the thruster, is the mass flow rate, and is the gravity acceleration at the Earth surface. The change in velocity, also referred to as delta-v , experienced by the spacecraft due to a single thruster pulse is (7) where is the mass of the spacecraft before the pulse and is the mass of propellant expelled during the pulse. For a given thruster pulse lasting for a time interval , the can be approximated as (8) Thruster sizing and amount of propellant to be stored on board (related to the total required ) depend on the particular mission.
III. CLOSE PROXIMITY MULTIPLE SPACECRAFT CONTROL ALGORITHM
The first step in our control algorithm research is to develop a close proximity multiple spacecraft LQR controller. The LQR algorithm serves as the principal convergence force during close proximity operations. The multiple spacecraft LQR algorithm uses the linearized state dynamics from (2). The iterative LQR allows for efficient control. Each LQR solution is optimal for each iteration of the cost function. The cost function is based on variable gain matrices, which allow for steady convergence to the desired goal state.
A. Close Proximity Spacecraft LQR Control
The infinite-time LQR quadratic cost function is of the general form (9) where is the state gain matrix, is the control effort gain matrix and is the state vector. The infinite-time cost function was selected to allow convergence duration to be guided by the varying optimal gains. Although the process duration is allowed to be infinite, in practicality the close proximity maneuver duration is finite. Also, in a majority of close proximity maneuvers the final state conditions are zero (near origin) which results in a negligible end-point cost component. Therefore, in our research we eliminated the end-point cost component and adopted the infinite-time LQR cost function.
If the gain matrix is assumed to be zero for simplicity, then the optimal feedback control is given by the expression (10) where is the optimal state feedback and is the solution of the Riccati equation. This LQR determined control effort, , is the desired acceleration due to the actuators, . The weighting matrices can be selected in order to tradeoff state convergence and the control effort efficiency. For relative spacecraft position and velocity states with control effort along each axis, the LQR gain matrices are chosen to be of the form (11) (12) As an initial guess, the gain matrices are typically selected as diagonal matrices with elements' values normalized by the maximum allowable values of states, , , and , and control efforts, , , and . The selection of diagonal weighting numerator gains and , for and , respectively, can be fine tuned based on simulation results. For our research, the LQR gain matrices are selected for efficient control effort and relatively short maneuver duration. As spacecraft converge, the cost slope for fixed gain control tends to flatten due to the small state values being considered. This leveling of the cost in the vicinity of the goal is avoided by using variable gains. Proper gain selections permit steady cost convergence even in the immediate vicinity of the goal. This controller characteristic is essential for submeter spacecraft docking precision.
The LQR state gain matrix scales the Chase spacecraft relative position and velocity as it approaches the goal. The relative position error along each axis is equally weighted by the Euclidean norm of the Chase spacecraft position vector from the goal, , by selecting in (11) .
Selecting the position gain denominator to be the current distance to the goal allows relative position to become more important as the spacecraft approaches the goal. The relative velocity error along each axis is also equally weighted, by selecting in (11) . This velocity term is determined by scaling the maximum allowed relative Chase spacecraft velocity, by the ratio of the Chase spacecraft initial range, , and the Chase spacecraft maximum range, . The maximum relative Chase spacecraft velocity should be selected based on available spacecraft actuation and desired maneuver duration. Conservative selection will limit the transients due to the initially neutral relative velocity and the convergence rate for safe operations. The numerator terms for the diagonal gains of (11) are chosen to be . The actuator control effort is the acceleration imparted due to translational thrusters. The denominator terms for the diagonal control effort gains in (12) are set equal to the maximum acceleration, such as . The control effort gains are also scaled as the spacecraft relative position changes by selecting in (12) . A minimum scaling factor for the numerator gains can be selected so that, as the range to goal approaches zero, numerical problems and chattering are avoided. For instance as the approaches zero the value of is limited to some minimum value, such as .
B. Close Proximity Spacecraft APF Control
Next, we developed a multiple spacecraft APF control algorithm with collision avoidance. Our research explores the use of potential functions in relation to velocity error, as opposed to only position errors, for controlling spacecraft. The APF control algorithm's collision avoidance capability is essential during simultaneous multiple spacecraft close proximity maneuvers.
APF theory has been used extensively in robot navigation and control [26] - [32] . APF control algorithms are effective in simple obstacle environments and safer than most path planning algorithms in highly dynamic environments. APF guidance was considered for orbital vehicles by McInnes in 1993 [33] . It has been expanded to consider distributed control [34] , autonomous rendezvous with fixed obstacle avoidance [35] , autonomous control of on-orbit assembly [36] , and fuel efficiency constraints for cluster formation maintenance [37] . Recent application of APF for swarm control of micro-utility spacecraft also shows promise [11] , [12] .
In general, the APF of each spacecraft is determined by the arithmetic superposition of the goal and all obstacle potential functions in its working area [28] . The overall potential field will serve as the performance surface for the control algorithm, of the form (13) where is the attractive potential of the goal point and is the repulsive potential of obstacles. The gradient of the attractive potential is essentially the position vector pointing from the Chase spacecraft to the goal, with its magnitude being shaped by a number of parameters to obtain the desirable behaviors.
The gradient of the attractive and repulsive potentials are related to desired control forces. Although various potential functions are utilizable, quadratic functions are generally used based on their desirable geometric characteristics [38] . However, for close proximity maneuvering, it was discovered that more linear functions tend to offer better convergence performance, since they do not tend to flatten out in the same manner as the bowl shaped quadratic functions.
Although the goal potential attraction is later replaced by the LQR, it was used for comparison purposes in our simulations. The goal, or attractive, potential was chosen to be a function of the vector from the goal to the Chase spacecraft, , and current time from the beginning of the maneuver, (14) Due to the presence of the scalar shaping functions, the potential is rather lengthy in form and its presentation in the paper is deemed to distract the overall control scheme. The same is true of the repulsive potential. The goal potential is selected such that negative gradient of the goal potential determines the desired velocity toward the goal position, given by (15) where is a velocity shaping function and is a velocity ramping function.
The velocity shaping parameter is used to relate the desired velocity to the range (16) where is the goal velocity decay shaping parameter. The selection of determines the convergence of the control algorithm, and is especially important in the spacecraft environment. Large values cause the algorithm to converge quickly toward the area of the goal position but oscillate around the actual goal position. Small values ensure slow steady convergence toward the goal position in a damped manner. The parameter, , is used to shape the exponential decay of the Chase spacecraft velocity as it approaches the goal position (17) where is a positive constant used to shape the velocity decay.
Based on an assumption of zero starting relative velocity, the initial velocity transient is often large and causes the control actuator to saturate, as discussed in [17] - [19] . In order to avoid this saturation a velocity ramping function, , may be incorporated, such that (18) with the positive velocity ramping constant, . This ramping term influences the initial velocity transient by allowing a gradual velocity startup of the APF control algorithm.
The Chase spacecraft desired velocity, expanded from (15)- (18) is (19) where and are the independent variables and all other terms are spacecraft maneuver dependent constants.
The actual relative velocity is subtracted from the desired velocity to determine the required by the control effort, and the related spacecraft acceleration is (20) The goal potential allows for convergence to the goal position; however an obstacle potential is required to avoid collision with other spacecraft and sensed objects. The repulsion potential curve is a smooth function that increases from the boundary of the region of influence to the surface of the obstacle. The obstacle potential is selected to be a function of the vector from an obstacle to the Chase spacecraft, (21) The obstacle potential is selected such that gradient of the obstacle potential determines the desired velocity away from the obstacle. The resulting Chase spacecraft desired velocity modification, based on the repulsive potential gradient way from an obstacle, is (22) where is the velocity shaping function from (16) and is the obstacle velocity function. The obstacle velocity function is a Gaussian function of the form (23) where is the obstacle spatial region of influence, is the radius of the smallest sphere enclosing the obstacle, and is the standard deviation for obstacle region of influence. This selection of ensures that the magnitude of equals at the surface of the obstacle.
Both and are selected to ensure that the obstacle region of influence is larger or equal to the actual dimensions of the obstacle to be avoided. The obstacle region of influence was selected to be (24) with a positive stopping distance constant, . The first term in (24) is a safety margin based on the size of the obstacle and the second term, , is the minimum stopping distance of the spacecraft. This allows the Chase vehicle velocity and actuation capability to be incorporated into the obstacle region of influence. For practicality, the proximity sensor range, , should be such that . The standard deviation, , is selected so that the obstacle surface is within one standard deviation as the spacecraft relative velocity approaches zero, such that (25) This relationship, modified from [17] , allows a reasonable safety region around obstacles and a smooth Gaussian repulsive potential function. Numerous other functions could be selected for the obstacle avoidance potential, such as spherical power-law and super quadratic functions [36] . However, these functions would require a priori knowledge of obstacles which are not assumed in our work.
The desired Chase spacecraft acceleration due to obstacles is determined from the summation of all obstacle influences, such as (26) where the summation is with respect to all obstacles within the sensor range of the Chase spacecraft. Obstacles may be either other spacecraft (additional Chase spacecraft converging toward a goal within the same region) or stationary obstacles in fixed positions relative to the goal location (for instance solar panels or thruster plume exclusion zones).
The attractive velocity is toward the goal position and the repulsive velocity vector due to obstacles is away from each obstacle. The commanded total Chase spacecraft acceleration is determined by vector addition of (20) and (26), such that (27) Selection of the repulsion shaping parameter must be related to the attraction shaping function in order to achieve desired critically damped performance. Proper selection allows for safety in selecting goal positions and efficiency when avoiding obstacles. For instance, if the region of influence of the obstacle is too small and the slope of the repulsive potential shaping parameter is too steep then a thrust limited actuator may not be able to avoid collision with the obstacle. On the other hand, if the obstacle region is too large then the Chase spacecraft may be less efficient in both control effort and maneuver duration as it avoids obstacles.
The attractive and repulsive velocity shaping functions, and , respectively, allow for velocity damping around regions of concern. This ensures that the chase spacecraft slows as it approaches the goal position and avoids obstacles. Balancing these parameters allows the goal position to be placed in the center of a spacecraft and the control algorithm to converge to the surface of the Target spacecraft. This is vital capability for docking maneuvers.
As numerous spacecraft and obstacles may occupy the Chase spacecraft's region, three simple heuristic logical conditions are applied to regulate the Chase spacecraft collision avoidance motion. First, Chase spacecraft are only influenced by obstacles within the region of influence. Second, only obstacles which are at equal distance, or closer, to the goal position are allowed to influence the Chase spacecraft. The third logical condition is that obstacles which are further away than the Chase goal location are not allowed to influence the Chase spacecraft. This ensures that other spacecraft simultaneously docking on the far sides of a Target spacecraft do not limit convergence. These logical conditions limit the collision avoidance considerations needed in obstacle dense environments and are refined from those presented in [17] . Even with this logic, it is still practical to employ a docking safety parameter, , which modifies the desired repulsive velocity between maneuvering spacecraft as they approach the goal. This safety parameter allows for collision avoidance while achieving precision convergence to the goal. This safety function between converging spacecraft multiplies and results in a modification to (22) , as follows: (28) where is usually equal to one. If , then is not being influenced by the goal location. If multiple spacecraft rendezvous to the exact same goal position, this will result in a staggered convergence. The first Chase spacecraft to arrive converges to the goal position. The next Chase spacecraft has the additive repulsion of the first spacecraft and converges to a radial position further away. Any additional spacecraft will converge to a range slightly further away. This staggered cluster may be a desirable result for spacecraft rallying to an unknown formation, where additional command maneuvering may need to occur.
However, for multiple spacecraft docking maneuvers, the staggered cluster effect of the additive repulsion is not desired. In this case, the goal location is an actual Target spacecraft. To allow the later arriving spacecraft to converge toward docking while avoiding collision the safety function, , is selected to be a decaying exponential of the attractive potential based on the goal position, such as (29) This results in the repulsion due to other spacecraft decaying toward zero as the Chase spacecraft reaches the outer bound of the Target spacecraft. In this manner, multiple spacecraft are allowed to converge relatively tightly around the Target spacecraft. Limitations in the Target spacecraft outer boundary surface area, local minima, and saddle points may cause some delays for spacecraft which arrive late. This is only an issue for the second wave of arriving spacecraft as the first spacecraft settle into position. It is envisioned that each spacecraft would be commanded to a specific docking port; therefore clustered convergence is not a typical operational issue.
An obstacle repulsive region of influence may cause a local minimum or saddle point to occur in the area between the obstacle outer region of influence and the surface of the obstacle. The location of this local minimum or saddle depends on the obstacles location with respect to the goal position. This local minimum or saddle can cause difficulty if the overall potential function is the only driving function for determining control effort.
C. LQR/APF Multiple Spacecraft Close Proximity Control Algorithm
The LQR/APF multiple spacecraft close proximity control algorithm proposed combines desirable characteristics of the LQR and APF. It uses the LQR response as the attractive force and APF-based repulsion for collision avoidance. The APF is an artificial construct which is conceptually useful. However, the APF limitation is that it is not intended to represent the dynamics. In contrast, the advantage of LQR consists in the incorporation of relative dynamics in the control algorithm. Using the dynamics, the LQR generally improves the performance of the control algorithm with little additional computation. Meanwhile, the repulsive APF can provide collision avoidance capability that LQR may not readily offer in a dynamic environment. First, the inclusion of all necessary collision avoidance constraints in the LQR for a static environment is challenging. Next, if a dynamic environment is considered the necessary states and constraints for the LQR may not be readily available. Finally, for LQR collision avoidance computations, numerous states for each object in the environment must be added. Each additional object would add six variables and the requisite computations. Consequently, in a high density obstacle environment the computation cost and time may limit implementation. Our LQR/APF control algorithm utilizes the optimal LQR in the obstacle free environment and employs practical APF-based collision avoidance as necessary.
For the multiple spacecraft rendezvous problem, a damped relative position response with limited control effort is desired. As with all spacecraft maneuvers, control efficiency during multiple spacecraft close proximity operations must be considered. However, the close proximity maneuver is assumed to be operationally significant and must be performed in a finite duration. For this research, approximate maneuver duration of one quarter orbital period was assumed. The close proximity maneuver is considered successful when the Chase spacecraft converges within a precise range of its goal position. The precision used in this research is modified to evaluate various multiple spacecraft close proximity maneuvers, with the intent that the developed LQR/APF control algorithm performs docking maneuvers.
The balancing factor between spacecraft relative position and control effort efficiency is the relative convergence rate. However, the relative spacecraft dynamics causes rendezvous challenges if the relative convergence rate is too slow or rapid. If the rate of convergence is slow the goal position is spirally orbited as the minimal control actuation is used. The slow convergence can dramatically increase the maneuver duration as the spacecraft approaches close to the goal position. On the other hand, if the rate of convergence is too rapid limited actuation will result in collision danger due to relative position overshoot and oscillation. For this research, converge maneuvers were required to be of an over damped nature. This ensures safety upon arrival to goal locations which are being approached by other spacecraft.
The concept of merging the LQR and APF control algorithms concepts is proposed as an efficient and capable combined algorithm. The recursive LQR is used as the attractive force and the APF-based repulsive forces are determined by obstacle locations. For the APF, relative position from goal and obstacles is used to determine desired velocity. Residuals from the desired velocity are used to command thruster firings. However, the LQR control effort varies the position and velocity based on the linearized system dynamics. This more complicated relationship requires a modification to both velocity and acceleration in the region of influence of obstacles. The result is an iterative spacecraft control algorithm which is driven by optimal LQR cost convergence, with associated dynamics, and APF-based smooth collision avoidance responses.
The APF obstacle velocity function, represented in (23), is a Gaussian function which is equal to one at the obstacle boundary. This function serves as our LQR/APF velocity shaping parameter due to obstacle position (30) It will be multiplied by the component of the Chase spacecraft relative velocity toward obstacle, . This ensures the Chase spacecraft slows to zero at the boundary of the obstacle.
Next, the attractive acceleration due to the LQR/APF recursive function is shaped. There is no change to the LQR when the Chase spacecraft is outside obstacle regions of influence. However, if the Chase is within an obstacle influence then acceleration toward the obstacle must be decreased. The LQR/APF acceleration shaping parameter is selected as (31) where the positive constant, , is used to establish the parameter's rate of decay. The parameter is multiplied by the component of the Chase spacecraft desired LQR acceleration in the direction of the obstacle, , to ensure that the LQR/APF does not drive into an obstacle. Finally, the safety docking parameter, from (29) , is modified to replace the potential function with the Chase spacecraft range from the goal, such as (32) This safety function allows the obstacle repulsion to decay faster as the Chase spacecraft approaches the goal position.
Chase spacecraft acceleration due to collision avoidance is determined from the summation of all obstacle influences, such as (33) This is similar to (27) , however now there is a velocity and an acceleration term.
Finally, the total Chase spacecraft acceleration determined by the multiple spacecraft LQR/APF with collision avoidance is (34) where is determined iteratively from (10). The control algorithm only decreases velocity and acceleration toward obstacles. It does not actually push away from obstacles. Therefore, densely packed stationary obstacle regions could possibly cause the control to settle into regions other than the goal. However, the relative dynamics generally results in forces that cause the control algorithm to escape local minimums. The outcome is similar to that achieved by APF wall-following methods [31] . If a local minimum or saddle point exists in persistence, a local minimum avoidance method such as the random walk method is to be activated. In the course of extensive simulations with realistic multiple spacecraft environments, no persistent local minima were encountered.
IV. NUMERICAL SIMULATIONS
The spacecraft model was developed in MATLAB [44] and validated via STK [45] .
Comprehensive performance evaluation of the LQR/APF and APF control algorithms was conducted for close proximity docking maneuvers. Results are shown for docking operations involving the simultaneous maneuvering of six Chase spacecraft to a Target spacecraft. Docking maneuvers require precise convergence to the outer boundary of a Target spacecraft while avoiding collision. All close proximity operations begin when the Chase spacecraft are within 1.0 km of the goal. For comparison, close proximity docking operations are subdivided into relatively near and far maneuvers based on the Chase spacecraft initial position. In the near maneuvers each Chase spacecraft starts approximately 100 m away from the goal, [19] .
A. Simulation Parameters and Spacecraft Characteristics
In each of the simulations, high fidelity 6-DOF spacecraft orbits are propagated by numerical integration. In particular, a fourth-order Runge-Kutta method was used with a time increment of . This conservative 1.0 Hz sampling rate was selected to allow for slow actuation cycles and sensor update rates. In our simulations, the thrust along each spacecraft axis is limited to a maximum acceleration of , which is based on a thrust force of and a spacecraft mass of . The maximum relative Chase spacecraft velocity was selected to be . This is rapid enough to allow for timely convergence, while being manageable with limited spacecraft actuation.
The physical characteristics of each spacecraft in the simulation are assumed to be similar. The Target spacecraft orbital altitude is assigned a predetermined, or randomly distributed, range of 300-1000 km. The number of Chase spacecraft is assigned, or randomly selected, from one to six. Each Chase spacecraft is assigned a predetermined, or randomly distributed, initial position from the Target spacecraft initial position. This initial range between the Target and Chaser spacecraft is within 1000 m in RSW coordinates. Initial velocities of the Chase spacecraft are assumed to be the same as the Target spacecraft. This neutral initial velocity allows for practical controller performance evaluation. The simulation condition ranges are summarized in Table I .
The spacecraft considered in this research are cube of 1.0 m side and mass of 100 kg, which follows the subsystem sizing guidelines from [40] . The center of mass of the spacecraft is assumed to be located at the geometric center. Position and ranging sensors are assumed to provide ideal information. Proximity sensors may be scaled according to the desired maximum relative velocity and maximum spacecraft acceleration relationship in (24) . For these simulations, sensors with were used. Based on standard measures of propulsion system performance, the estimated lifetime for each spacecraft is 60 m/s. The total thruster for each maneuver serves as a metric for evaluating control algorithm performance. In this work, each thruster is assumed to be hydrazine fueled with the compiled parameters, derived from [40] , listed in Table II . The attitude control of the spacecraft is uncoupled from the translation. A nonlinear quaternion feedback attitude control loop allows for orientation changes during all maneuvers. The quaternion feedback control commands three orthogonal reaction wheels each with magnetotorquers for momentum damping; refer to [24] and [25] for detailed discussions. The general sizing and performance ranges of the modeled attitude actuators are also listed in Table II . The inclusion of attitude control which allows rotation of the Chase spacecraft was considered during collision avoidance. The cubic shape of the spacecraft and the freedom of rotation in the vicinity of obstacles required robust obstacle avoidance in order to avoid clipping corners. The Chase spacecraft is commanded to point toward the goal location for most maneuvers and along the port axis for docking.
Performance evaluation requires that each maneuver is successfully accomplished without collision. The overall time duration of the maneuver , in s, and control efficiency measured by the required , in m/s, are used as the primary metrics for evaluating the performance of the control algorithm. These two metrics are roughly inversely related to each other. However, since these metrics are a result of the minimization of a cost or potential function with numerous constraints the relationship is not simple. In this research, the maneuver duration for the close proximity operations is desired to be approximately 30 minutes. The control effort was desired to be both efficient and reasonable with limited actuation. Heavily saturated control effort in the collision avoidance environment is a safety concern. Control effort that heavily saturated the realistic and limited actuators is denoted with an asterisk in the tables.
B. Docking Maneuvers
The final stage and ultimate goal of rendezvous is assumed to be here the docking of multiple spacecraft.. In particular, the case of six Chase spacecraft docking on the six sides of a cubic Target is considered, with each Chaser able to dock on any of The simulation results for the six Chase spacecraft simultaneously sample docking maneuvers with collision avoidance are listed in Table III, with the far docking results listed in Table IV . For these collision avoidance maneuvers, the goal positions are docking ports on the surface of the Target spacecraft. The maneuver is completed when the assigned Chase spacecraft approaches within 2.0 mm of the center of its Target docking port. For these maneuvers, the docking ports are centered on each side of a cubic Target Stationary spherical obstacles are placed at positions along each Chase spacecraft's unobstructed path. These obstacles have a diameter of 2.0 m and are placed directly along the Chase's spacecraft path when the Chase spacecraft is at maximum relative velocity. In each case, collision avoidance of the stationary obstacles and other spacecraft was successful. The APF algorithm forces a strict return to the desired velocity once an obstacle is avoided. So, the APF tends to pull the spacecraft around obstacles faster than the LQR/APF, but risks saturating available actuation. The LQR/APF maneuver durations tend to be slightly longer due to smoother transitions in and out of obstacle regions. Comparison of the control requested and the saturation limits for both algorithms, illustrates the smooth performance of the LQR/APF algorithm. The relative velocity and acceleration of one of the six Chase spacecraft for the docking maneuver of the second row of Table IV is shown in Fig. 3 . The upper left plot shows the RSW relative velocity response with the LQR/APF control. The upper right shows the RSW velocity response of the APF control. The lower left plot shows the RSW relative acceleration response of the LQR/APF control. The lower right plot shows the RSW relative acceleration response of the APF control. The central spike in velocity and acceleration, at approximately 600 s, is due to the stationary obstacle along the path. The acceleration oscillations toward the end of the maneuver are due to the collision avoidance of the Target and the other simultaneously docking Chase spacecraft. The dashed line on the acceleration plots show the thruster saturation limits. The desirable performance of the LQR/APF with collision avoidance is evident due to the excellent control effort response.
In order to make easier for the reader to visualize the 3-D trajectories of six spacecraft in the field filled with obstacles, a video clip has been submitted with this paper of the complete docking maneuver using LQR/APF, listed in the bottom row of Table III (see also Fig. 4 ).
C. Monte Carlo Analysis of Close Proximity Maneuvers
Numerous simulations of multiple spacecraft close proximity maneuvers were conducted in order to generate a sample distribution of maneuver parameters. Using Monte Carlo methods, estimates of the mean and standard deviation of and were determined. Two hundred convergence, rally, rendezvous, and docking maneuver simulations were conducted for both the APF and LQR/APF control algorithms [19] . The docking maneuver results are presented in this paper. Each simulation involved six Chase spacecraft performing simultaneous maneuvers. The Law of large numbers permits the approximation of sample statistics via Monte Carlo methods. As expected, the large sample size generally approaches a Gaussian distribution. The normalized data distribution allows for estimates of the maneuver parameter means and standard deviations. The statistical data is presented in both per spacecraft and per maneuver format. The per spacecraft statistics use each Chase spacecraft of each maneuver for a total sample size of 1200 spacecraft. The per maneuver statistics use the maximum parameters of each maneuver for a total sample size of 200. The average close proximity maneuver The video clip, created by using the software package AGI Satellite Tool Kit [45] , shows a docking maneuvers involving six chaser vehicles and six obstacle objects and lasting 2004 s (33 minutes). For presentation purpose, the animation is running at the speed of about 100 times faster than real time.
duration is valuable to spacecraft operators. Similarly, the average is valuable to both spacecraft designers and mission planners.
None of the three close proximity maneuver failure conditions considered were experienced by either the refined APF or the developed LQR/APF control algorithm. First, no spacecraft collisions were detected. Second, all spacecraft maneuvers were successfully performed within 90 minutes. Finally, no spacecraft was required to use all of its propellant during maneuvering. Therefore, both control algorithms proved to be effective in performing close proximity operations. A statistical analysis of both the LQR/APF and APF during the seven spacecraft simultaneous docking maneuvers follows.
1) Initial Conditions and Spacecraft Parameters:
For each simulation, the Chase spacecraft initial positions were uniformly randomly distributed while all other simulation parameters were maintained. Each of the six Chase spacecraft was initially positioned within a 1.0 km sphere with respect to a Target spacecraft position. However, the Chase spacecraft initial position was assumed to be at least 10 m from the Target. This stand off range, representing the center-to-center distance between the Target and Chase spacecraft, was used so that spacecraft size variation of a few meters could be readily simulated. The Target spacecraft was assumed to be in a circular LEO of 500 km altitude. The initial relative velocity was assumed to be negligible. This neutral velocity state in the relative frame, suggests an elliptical orbital phase for the Chase spacecraft. For the sake of control evaluation, this neutral situation is reasonable and serves to avoid bias due to favorable velocity conditions. The relatively high velocity management of both the APF and LQR/APF allows for some initial velocity. Table V . First, the initial range mean and standard deviation is listed for all 1200 Chase spacecraft in the 200 simulations. The Chase spacecraft are initially uniformly randomly distributed within the RSW orbital frame, as shown in Fig. 6 . Next, the mean and standard deviation is listed for the maximum initial Chase spacecraft range of each of the 200 simulations. This maximum initial range metric drives the overall and for each multiple spacecraft maneuver. Both the LQR/APF and APF control algorithm are analyzed for the same random range distribution. This allows for direct comparison of performance for each maneuver.
Besides initial position, all other Chase spacecraft parameters were held constant for each simulation. The general Monte Carlo simulation parameters are summarized in Table VI.   TABLE V  CHASE SPACECRAFT RANGE DISTRIBUTION STATISTICS   TABLE VI  MONTE CARLO SIMULATION PARAMETERS   TABLE VII  DOCKING SPACECRAFT STATISTICS 
2) Comparison of Docking Maneuvers Statistics:
The seven spacecraft simultaneous docking maneuver requires that all six Chase spacecraft avoid each other while converging to within 2.0 millimeter of their assigned docking position on the Target spacecraft outer boundary. The docking ports, on the center of each face of the Target spacecraft, are randomly assigned to each Chase. The individual spacecraft distribution statistics for and are listed in Table VII . The LQR/APF performs well, with the simultaneous docking maneuvers being accomplished in longer durations and slightly more control effort. This is as expected due to the highly tuned and regulated velocity control during the APF's collision avoidance. Any apparent APF control efficiency is only achieved by saturating the available control actuation. In contrast, the LQR/APF controller consistently demonstrated desirable control effort with tighter standard deviation. The LQR/APF's docking spacecraft distribution is shown in Fig. 7 . The LQR/APF's docking spacecraft distribution is shown in Fig. 8 .
The statistical analysis is extended to a per docking maneuver basis, with the means and standard deviations of the maximum and listed in Table VIII . The LQR/APF control algorithm performance continues to maintain a tighter standard deviation. This confirms the LQR/APF control algorithm's more predictable performance. While on the other hand, the APF control algorithm significantly saturated the control actuation in approximately 10%-20% of all docking maneuvers. This increase in actuator saturation is undesirable and increases the risk of collision in high density obstacle regions. The LQR/APF's docking maneuver maximum distribution is shown in Fig. 9 . The LQR/APF's docking maneuver maximum distribution is shown in Fig. 10 . The LQR/APF's maximum is lower Fig. 7 . LQR/APF spacecraft docking maneuver duration distribution. on average with a tighter distribution. The LQR/APF's total docking maneuver distribution is shown in Fig. 11 .
D. Monte Carlo Analysis Conclusions
The Monte Carlo method analysis of close proximity maneuvers confirms that the LQR/APF control algorithm is a practical candidate for multiple spacecraft close proximity operations. Estimates of the mean and standard deviation of maneuver and show that average proximity maneuver control effort, , efficiency is generally better than that of a highly tuned APF control algorithm. The LQR/APF showed a 0.5%-1.0% ef- ficiency improvement on a per spacecraft maneuver basis [19] , for a wide range of close proximity maneuvers. The standard deviation of the LQR/APF control effort is consistently narrower then that of the APF. The LQR/APF showed a 10%-20% narrower standard deviation. This narrow standard deviation is valuable to both spacecraft designers and mission planners. It allows effective propellant sizing for close proximity operations. It also gives operational planners a useful tool for developing and forecasting maneuvers. The average mission duration, , of all close proximity operations were maintained below the desired 30 minutes. The wider standard deviation of the LQR/APF control algorithm is due to velocity variations allowed by the algorithm. This duration standard deviation of approximately three minutes is acceptable for spacecraft operations which have traditionally been measured is terms of hours or days. Both the LQR/APF's and APF's efficiency improves if the convergence rate of the Chase spacecraft is slowed. Therefore, the relative velocity can be used as a design tradeoff between maneuver duration and efficiency.
Based on this Monte-Carlo analysis, the LQR/APF control algorithm appears suitable for application to emerging multiple spacecraft operations. Both the control efficiency and maneuver duration are reasonable for current spacecraft designs. Based on the required, the average Chase spacecraft could perform 20-40 close proximity maneuvers. The LQR/APF algorithm appears to be practical for multiple spacecraft close proximity maneuver control. Variation in spacecraft physical characteristics and orbital assumptions may cause some fluctuations in the total number of close proximity maneuvers which can be performed. However, the LQR/APF control algorithm performs reliably for a wide range of simulated maneuvers.
The LQR/APF control is much more efficient than the APF control in the absence of obstacles. However, the efficiency gained by LQR/APF control tends to decrease as the number of obstacles in the region increase, since the collision avoidance capability alters the iterative optimal solution. The addition of the robust collision avoidance capability is considered to be worth some loss in efficiency in a dense obstacle environment.
V. CONCLUSION
An autonomous distributed LQR/APF control algorithm for multiple spacecraft in close proximity operations is proposed. The control algorithm combines LQR efficiency with APF-based collision avoidance. The developed LQR/APF multiple spacecraft close proximity control algorithm offers robust close proximity performance and establishes a reliable baseline for control effort efficiency, while maintaining collision free maneuvers. The multiple spacecraft simulation results are promising. The developed LQR/APF multiple spacecraft close proximity control algorithm allows for convenient inclusion of known or estimated sensor uncertainties and actuator response into the control parameters.
The LQR/APF control algorithm's promising results, derived from short maneuver durations with limited control effort, paves the way for potential application to a wide range of multiple spacecraft close proximity operations. This research is based on conservative estimates of relatively far initial positions, short maneuver duration, modest volume of propellant, and a dense obstacle environment. The average Chase should be able to perform several close proximity maneuvers. Therefore, the LQR/APF algorithm appears to be a promising new development for the field of multiple spacecraft close proximity maneuver control.
Another contribution of this paper was extensive numerical simulations performed with a nonlinear high fidelity orbital model using Monte Carlo method analysis. This allows for statistical estimates of the mean and standard deviation of maneuver and . Both the stability and robustness of the close proximity control algorithm is demonstrated implicitly by Monte Carlo simulation results.
Currently, the LQR/APF multiple spacecraft close proximity control algorithm is undergoing ground and flight testing. It was successfully implemented and tested at the Synchronized Position Hold Engage and Reorient Experimental Satellites (SPHERES) facility at the Massachusetts Institute of Technology Space Systems Laboratory [41] . This successful ground testing enabled execution of SPHERES flight testing inside the International Space Station (ISS) [20] .
Future work may include research into the control algorithm robustness with random initial configurations and measurement uncertainty. The control algorithm may be further evaluated in a hardware-in-the-loop laboratory test-bed. Development of the NPS Autonomous Multi-Agent Physically Interactive Spacecraft (AMPHIS) is being conducted and should allow for future testing and validation of multiple spacecraft control concepts [42] , [43] . 
